Iterated integrals and the loop product 

Koichi Fujii 

1 Introduction 

The purpose of this paper is to describe string topology from the viewpoint of 
Chen's iterated integrals. Let M be a compact closed oriented d-manifold and 
LM be the free loop space of M, the set of unbased smooth maps from S* 1 to M. 
Let H* (LM) be the homology of the free loop space shifted by the dimension of 
the manifold i.e. H,(LM) = H* + d(LM). Chas and Sullivan found the product 
on H* (LM) which they called loop product pQ : 

W p (LM) ® M q (LM) -> W p+q (LM). 

They showed that this product makes H,(IM) an associative, commutative 
algebra. 

Merkulov constructed a model for this product based on the theory of iter- 
ated integrals, especially of the formal power series connection [10]. He showed 
that there is an isomorphism of algebras 

i»(IM) = H*(AM ®R((X))) 

where AM is the de Rham differential graded algebra of M and M((X)) is 
the formal completion of the free graded associative algebra generated by some 
noncommutative indeterminates. 

On the other hand, Chen showed that the cohomology of the free loop space 
of the simply-connected manifold is isomorphic to the cohomology of the cyclic 
bar complex of differential forms via Chen's iterated integrals (see [5] or [8]): 

H*(LM) H*(C(AM)). 

In this paper, we construct a model for the loop product based on the the- 
ory of the cyclic bar complex. We define a complex Hom(_B(AA/), AM) and 
its subcomplex Hom(£?(AM), AM) so that the Poincare duality induces the 
isomorphism of vector spaces 



iT*(Hom(C(AM),K)) £ £T»_ d (Hom(B(AM), AM)). 



We can define a product on Hom(£?(AM), AM) which realizes the loop product. 
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Theorem 1.1. Let M be a compact closed oriented simply- connected manifold. 
Assume that H*(M) is of finite type. Let A be a differential graded subalge- 
bra of KM such that H*(A) = H*(AM) by the inclusion. Then there is an 
isomorphism of associative, commutative algebras 

H»(£M) H*(Kom(B(A),A)). 

The product defined on H*(Rom(B(A), A)) corresponds to the loop product un- 
der the isomorphism. 

The paper is organized in the following way. In section 2, we briefly review 
Chen's iterated integrals. In section 3, we give a construction of a complex 
Hom(B(A), A), and discuss its properties. In section 4, we give a proof of 
theorem 1.1. In section 5, we study the iterated integrals on the free loop space 
of the non-simply-connected manifolds. In section 6, we describe a relation 
between the product on Kom(B(A), A) and the Goldman bracket. In this paper, 
all the homologies have their coefficients in the field of real numbers. 

Acknowledgement: The author would like to thank Professor Toshitake Kohno 
much for helpful comments and gentle support. 

2 Chen's iterated integrals 

We briefly review Chen's iterated integrals (see [5], or [5]). Let M be a finite 
dimensional smooth manifold and let LM be the free loop space of M, that is 
the space of all smooth maps from S 1 to M. Let A k be the /c-simplex 

{(ti,--- ,t k )em k \ o<h<---<t k <i}. 

We have an evaluation map 

: A fc x LM -► M k 

defined by 

$ fe (tl,-- - ,t fc ;7) = h(h),--- l7 (t fc )). 
Then define P k to be the composition 

{h*M)® k -> A*M k % A*(A fc x LM) ^ A*^ k LM 

where p* is the integration along the fiber of the projection p : A k x LM — > LM. 
Given u>i, ■•■u>k S A*M, the iterated integral 

J uix---Uk 

is a differential form on LM of total degree \u)\\ + ■ ■ ■ \u>k\ ~ k, defined by the 
formula 

J Ux ■ ■ -Wfc = (_l)(fe-l)l^l + (fe-2)l^l + -+l^-i|+fe(fe-l)/2 P)t(ti;i! . . . >Uk y 
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3 Preliminaries 



In this section, we give a construction of some complexes. Let A be an arbitrary 
differential graded algebra in this section. Let A v denote the dual of A. The 
bar complex of A, (B(A), ds), is defined by 

B{A) = ® r > ® r sA, 
d B (u)i, ■ ■■ ,cj r ) = -(-l)" 1 - 1 y^(a>i, • • • ,u>i-i,doJi,uJi + i, ■ ■■ ,w r ) 

i 

Here (sA) 9 = A q+1 or j4 9 according as < q or < q, and Ej = deg(uji, ■ ■ ■ , uoi). 
We denote the totality of degree n elements by B(A) n . The coproduct H*(B(Aj) 
-> H*{B(A)) is defined by 

(Wl, ■ • ■ , W„) h-> ^(Wl, • • ■ , LJi) <g> ' ' ' , W„). 

Chen proved the following theorem. 

Theorem 3.1 (Chen [5])- £ei M be a simply- connected manifold and H*(M) 
be of finite type. Let A be a differential graded algebra of KM such that A — 
R and H*(A) = H*(AM) by the inclusion. Then there is an isomorphism of 
coalgebras 

H*{B(A)) = H*(nM) 

given by 

(wi, ••• ,u n ) h-> J UOl ■ ■ -0J n . 

Let F P B(A) be a filtration of B(A) such that 

F P B(A) = ® <r<p ® r sA. 

Let Eom(B(A), A v )„ = £ p+9=n Hom(S(A) p , A? v ) and Hom(S(A), A v ) = 
^2 Hom(£?(^4), A v ) n . Its boundary is defined by 

5ip(u>i, ■ ■ ■ ,u; r )(u;) 

= lfi{uJi, ■ ■ ■ ,U r )(cL>) + (-I) H <^(dB(cJi, • • • ,u> r ))(u>) 
- (-I) |w| <y9(w 2 , • • • ,w r )(w A wi) 

+ (-l) |w|+£ "- l(KI + 1 VK, • • • ,«r-l)(w A Wr ). 

Let us define the subcomplex of Hom(S(A), A v ), Hom(i?(A), ^4 V ), according 
to the Chen's normalization of the cyclic bar complex (see [4] or [8]). We define 
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Hom(B(A), A v ) to be the set of elements in Hom(B (A) , A y ) which satisfy the 
following equations for any u>,u>i G A >0 and / G ^4°: 

-lf{- --Wi-2, fUi-l,(Ji, ■ ■ ■ )(w) + </?(••• ,W i - 1 ,fuJ i ,U i+1 , • • • )(w) 

+<p(- •• ,Wi-i,df,Ui, ■■■ )(w) = 0, l<i<r-l, 

• • • ,uj r )(fuj) + <p(fwi, ■ ■ ■ ,w r )(w) + <p(df,ui, ■ ■ ■ ,u r )(u) = 0, 

• • • , fw r )(w) + tp(ui, ■ ■ ■ ,u) r )(fu>) + ip(wi, ■ ■ ■ ,u> r ,df)(u>) = 0. 

It can be easily seen that it is isomorphic to the dual of the normalized cyclic 
bar complex of A: 

U^(B(A),A V ) =C(A) V 

Similarly, let Rom(B(A),A) n = J2 P - q=n H.om(B(A) p ,A«) and Rom(B(A),A) 
= J2 n Hom(S(j4), A) n . Its boundary is defined by 

S(p(u>i, ■■ ■ ,U) r ) 

= (-l)M- e ^(wi,.-- ,W r )-{-l)M- e '<p(d B {wi,--- ,Wr)) 
+ (-1)1^1-^! A ^2,' - ,Wr) 

-(-l^W+WM+i)^ • • • ,w r _i) A w r . 

We define Hom(_B(A), ^4) to be the set of elements in Hom(B(A), A) which 
satisfy the following equations for any G A >0 and / G ^4°: 

-ip(- ■ -U>i-2, fVi-l, Wi, ■ ■ ■ ) + </?(• • • ,U>i-l,fu>i, LJi+l, ■ ■ ■ ) 

+</?(••• ,u>i-i,df,Ui, •••) = 0, 1 < i < r - 1, 
-/ A • • • , u> r ) + <p(fw lt ■■■ ,uj r ) + <p(df,ui, ■■■ ,u r ) = 0, 
-<p(u lr -- ,fw r ) + ip(wx,--- ,w r ) A/ + <p(wi,--- ,w r ,d/) = 0. 

The cup product on Hom(£?(^4), A) is defined by 

tpi U </?2(wi, • • ■ ,w r ) 

= £ (-l)M(M+ £ ,- £i )^ l(a;i) ... , Wi ) A ^ 2 ( Wi+1 ,... )Wr ). 

0<»<r 

Since 5(<pi U <p 2 ) = <fy>i u ^2 + U 5^2, i?*(Hom(S(A), A)) becomes 

an algebra. This product can be induced on H*(Hom(B(A), A)). 

The £a-term of their spectral sequences associated with the filtration F P B(A) 
can be calculated from the cohomology of A. 

Proposition 3.2. There is an isomorphism of vector spaces 

H4'HE^(F p B(A)/F p - 1 B(A),A v j) = Uom(® p sH(A),H(A) v ) 

Proof. Let A be a differential graded subalgebra of A such that A P — A p for p 
> 1, A° = R and 

A 1 = dA°®A 1 . 
There is an isomorphism of vector spaces 

BE^(F q B{A)/F q - 1 B(A),A v ) = YLom{F q B{A)/F q - 1 B(A), A"). 
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Since A° = K, there is an isomorphism 

H {^oi a {F q B(A)/F q - 1 B(A) 1 'A J )) = Hom(® sH (A), H(A) V ). 
Therefore we obtain the proposition. □ 



4 Proof of Theorem 1.1 

We give the proof of theorem 1.1 in this section. There is a differential graded 
subalgebra of A, A, such that A = R and H(A) = H(A) by the inclusion. Then 



we obtain the isomorphism of algebras 



H* (Hom(-B (A) , A) ) ^ H*(Rom(B(A),A)) 

by proposition 3.2. Therefore it suffices to verify the theorem in the case ^4° 
The following result is due to Chen. 



Theorem 4.1 (Chen [5]). H*(LM) #*(Hom(5(A), A v )). 



Proof. We define ^ : C,(IM) -> Hom(S(A), A v ) by 



Let F p C*(LM) be a filtration of C,(LAf) such that 

FpC r (LM) = { cr : A r -> LA/ | tt o ct = cr' o tt' for some a' G C 3 (M), 

q < p, tt' : A r A 9 } 



Let {£"p 9 } be the associated spectral sequence. Define a filtration of Hom(£?(j4), A x 

by 

F p Ho^(B(A), A) = {/ e Hdni(i?(A), ,4 V ) | ■ ■ • , w„)(w) =0,Vwe 



It can be easily shown that ?/; preserves the filtrations of C*(LM) and Hom(£?(A), v4 v ). 
On i?2-level, the map 

ip : H P (M) ® H q (QM) -» i/ p (A v ) ® J ff 9 (B(A) v ) 

is given by 



CTl Q$) 0"2 1 * 1 W l— * / w 

/(71 







f • 













Theorem 3.1 asserts that this is an isomorphism. Therefore we obtain the 
theorem. □ 



Lemma 4.2. ff,(Hom(B(A), A)) = ff,_ d (Hom(B(A), A v )). 
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Proof. We define a chain map P : Rom(B(A),A) -> Rom(B(A), A v ) by 
P(<p)(u>i, ■ ■ ■ ,uj n )(u) = / lo A f{uj\, • • • , w n ). 



Define a filtration of Kom(B(A), A) by 

F p Hoin(i3(A), A) ={^e Ham(B(A),A) \ up{lo u --- ,u n ) E A^ d - p }. 
The map P preserves those nitrations. On i^-level, the map 

P : H d - p (A) ® H q (B{A) v ) -» ff p (A v ) ® ff 9 (B(A) v ) 

is given by 



uj A rj ®ip. 



This is isomorphic and we obtain the lemma. □ 

Proof of theorem 1.1. We can verify that H,(LM) is isomorphic to 
H*(Hom(B(A), A)) as vector spaces by composing the maps in theorem 4.1 and 
lemma 4.2. We can also verify that there is an isomorphism of associative, 
commutative algebras. Indeed, the cup product of Hom(B(A), A) on £2 -level 

H d -P{A)®H q {B{Ay)®H d ~ s {A)®H t {B{Ay) -> H 2d - p - s (A) ® H q+t {B{A) v ) 

is given by 

a®g®b®h^ (-i)( d -p+i)(d-s) a A b®g-h, 
where g ■ h satisfies 

g ■ h(ujx, ■ ■ ■ , cu n ) = y]g(ux, ■ ■ ■ ,LOi)h(uJi + x, ■ ■ ■ ,w n ). 

i 

Then the following theorem asserts that the loop product and the cup product 
coincide on £2-level. 

Theorem 4.3 (Cohen- Jones- Yan [5]). Let M be a simply- connected manifold. 
Then {E^ q } becomes an algebra and converges to H*(LM) as algebras. On 
Ei-level, the product 

fi : H p (M; H q (LM)) ® H S (M; H t (LM)) -► H p+q ^ d (M; H s+t (LM)) 

is given by 

fx((a ® g) ® (6 ® h)) = (-lY d - s ^P+i- d \ a . b) ® (gh) 

where a G H p (M),b G H s (M),g G H q (QM),h G H t (£lM), a ■ b is the intersec- 
tion product and gh is the Pontryagin product. 

Therefore we obtain the theorem. □ 
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5 The conjugacy classes of fundamental groups 



Let 7r denote a fundamental group of a smooth manifold M and J denote an 
augmentation ideal of the group ring of n, R7r. Chen showed that the completion 
of the fundamental group with respect to the powers of its augmentation ideal is 
isomorphic to the dual of the 0-th cohomology of the bar complex of differential 
forms via iterated integrals [3]: 

limR7r/J p = H a {B{A)Y 
p 

where A is a differential graded subalgebra of AM such that A = R and 
H*(A) £ H*(M). 

Based on this work, we study iterated integrals on the free loop space of the 
non-simply-connected manifold. Let tt denote the set of conjugacy classes of n 
and J p denote pr( J p ) where pr is the projection of R7r onto R7r. 

Theorem 5.1. Let M be a smooth manifold and H*{M) is of finite type. Let A 
be a differential graded subalgebra of KM such that the map H q {A) — > H q (AM) 
induced by the inclusion is isomorphic if q — 0, 1 and injectiue if q =2. Then 
there is an isomorphism of vector spaces 

limRfr/JP H (Ro^(B(A), A v ). 
p 

We give the proof of this theorem in this section. Let * be a fixed point 
in S 1 . In this section, let LM be a set of smooth maps from S* 1 to M which 
are constant maps near *. Let Sl x M be a subspace of LM whose elements 
send * to x € M. Let Diff(5 1 , *) denote diffcomorphisms of S 1 which coincide 
with identity map near *. We define a, : A q — > LM to be equivalent by a 
reparameterization iff there is a smooth map r : A 9 — > Diff(S' 1 , *) such that 

/W)=O(t(*,0), VfoOe^xA'. 

Let C*(LM) be a chain complex having as a basis the totality of equiva- 
lence classes of smooth simplexes of LM. Let C*(fi x M) be a chain complex 
having as a basis the totality of equivalence classes of smooth simplexes of VL X M . 
C*(Q, X M) becomes a noncommutative associative algebra as follows. The prod- 
uct of o~ i and o~2 in C*(f2 x M) is defined to be the path product or according 
as degcri+dega-2 < 1 or > 1. The augmentation e : C*(il x M) — > R is given by 
ea = 1 or according as degtr = or > 0. 

Let a be a smooth simplex of M. Define for each a 

C~ q (LM)(a) = {^tiiTj 6 C~ q (LM) \ H t, = o}. 

C q (LM)(a) becomes a noncommutative associative algebra. Let e(cr) denote 
the augmentation of C q (LM)(o~), given by ^n.iTi i— > ^ni. Define a filtration 
of C^(LM)(a) by 

F p C~ q {LM) = {kere f © (©^^/(ker^a))^. 
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Proposition 5.2. The map tp p : F p C q (LM) -> UomiFP- 1 B(A), A v ) given by 
a i — > ^(wi , • • • , w p ) i— > (lu l— * / 7r * w A / Wi • • • ^ 



well-defined, chain map and F p C q (LM) C ker0 p . 

Proof. The wcll-dcfincdncss can be verified by the following lemma which can 
be verified as in proposition 1.5, proposition 4.1.1 [2], and in proposition 1.5.3 
0. 

Lemma 5.3 (Chen). (1) If a and (3 G C,(LM) are equivalent by a reparame- 
terization, then 



O* J UJ\ ■ ■ ■ LO n = P* J U)l ■ ■ ■ UJ n . 

(2) Ifn,r 2 eC^(LM)(a), then 

(n • T 2 )* J Ulj • • • Ul n = ^ T* J U>\ ■ ■ ■ Ulj A T2 / • • • W„. 

f3j J//G A°M, then for any i 

U>X ■ ■ ■ fWi-i ■ ■ - L0 n + U!%--- fijJi ■ ■ ■ U> n + / U!l ■ ■ ■ U>i-idfuJi ■ ■ ■ UJ n = 0. 



To verify F p C q (LM) C ker0 p , it suffices to show (kere(cr)) p C kerip p . Let 
s denote the section of tt, which sends points of M to the constant map. Take 

((7i — sjcr) • (<72 — sjct) (ct p — sjjcr) G (ker£(<r)) p , where cr G C q (M) and 

o-i G ~C~ q (LM)(o-). Then 



((71 - Sjcr) • (<7 2 — scr) (cr p - Sjjct)* ^7r*w A J Ui% ■ ■ ■ U> p -ij 

= ^ / er*^ A ((7i - Sjcr)* / Wi • • • ((7fc - s B cr)*l • • • A (tr p — sjct)* / 

,,_,JAi J J 



LO p -i 



= 0. 

Therefore we obtain the proposition. □ 

Let C* (M, x) denote a set of smooth simplexes of M neighborhood of whose 
vertices are at x in M. We define 

C $ sC® p = C, (M, at) sC* (M, at) ® p . 

Here (sC*(M, a;)) g = C q+ i(M, x) or according as q > or q < 0. Its boundary 
is given by the sum of the boundary on each complex. Let us construct a chain 
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map $ : C ® sC® p -> F p C*(LM) / F p+1 C*(LM) considering the following three 
cases: 

case 1: If (<7i, • • • , cr p ) G sC(M, x)® p , then 

$ : (01, • • • , cr p ) i — > (cti - a;) • (ct 2 - x) (a p - x) 

where x is regarded as a constant map. 

case 2: If (cti, • • • , cr p ) G (sC(M, ir)®?) then 

$ : (cti, • • • ,ct p ) i — > (cti - x) ■ (ct 2 - x) ■ ■ -ct~- •• (ct p - x) 
where ct? : A 1 3 £ o7(C)(*) S is 

57(0 (*) 

fo-i((l-0(( 1 -*)«b + *«2)+€( 1 - 2 *H + 2 ^*wi). if < t < 1/2 

\<T l ((l-0((l-t)vo+tv 2 )+Z(2-2t)v 1 +Z(2t-l)v 2 ), if 1/2 < it < 1 

Here «o, «i, t>2 are the vertices of the standard simplex A . 
case 3: If (7,0-1,- •■ ,ct p ) G Ci(M, x)®(sC(M, x)® p "j , then 

$ : (7, cti, • • • , Op) 1 — ► 7t~ Vi ~ a;)7t ' ' ' 7t~ V P - x) lt 
where 74 :[0,1]3sh» 7 (si) G M, i G A 1 . 

Lemma 5.4. T/ie following diagram commutes: 

(c®sC®p) — ^— » F p C~ 1 {LM)/F p+1 C~ l {LM) 



(c<8>*C®p) — F p C (LM)/F p+1 C'o(LM) 
Proof. For case 2, 

9'$(cti,-- - ,CTp) - $0(0-1, • • • ,CTp) 

= (CTI - *) - - - (CTf ) • Of) - Of) - CTf + ^ ~ CTf > + *)_■ • K - *) 

= (cti - x) ■ ■ ■ K (0) - x) • (of } - z) • • • (op - x) G F P+1 C^(LM) 

where o- 2 \ ct| 3 ^ are the faces of Oj. 
For case 3, 

<9'$(7, 01, • • • , o- p ) - $5' (7, cti, • • • , cr p ) 

= 7 _1 • (oi - x) • 7 • • • 7 _1 ■ (o-p - z) • 7 - (cti - z) • • ■ (ct p - x) 
G F p+1 C^(LM). 

Therefore we obtain the lemma. □ 
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Proposition 5.2 gives the map 
H q (F p C(LM)/F p _ 1 C(LM)) - H q (EE^{F p B{A) / F^ 1 B{A), A y )). 
Lemma 5.5. For q = 0, the following map is isomorphic: 

H (F P C(LM)/F P+1 C(LM)) = H Q (mE(FPB(A)/F p - 1 B(A),A v )). 
Proof. We obtain the following surjection by lemma 5.4. 

$ : H (C ® sC® p ) -» H (F p C(LM)/F p+1 C(LM)). 
Composing with the isomorphism ® p Hx{M) = H (C ® sC® p ), the map 
® p iii(M) -» Ho(F p C(LM)/F p+1 C{LM)) -> Hom(® p iJ 1 (A), M) 
is given by 

This is isomorphic and we obtain the lemma. □ 

Lemma 5.6. For q = 1, the following map surjective: 

H 1 (F P C(LM)/F P+1 C(LM)) -* ffi(Hom(F p fl(i4)/F p - 1 B(il), A v )). 

Proof It suffices to show that the following map obtained by lemma 5.4 is 
surjective. 

kcr<9 -» H 1 (F p C(LM)/F p+1 C(LM)) -► Uom((?j p sH{A), H(A) V ) 1 
If (7,o-i,- •• ,cr p ) £ ker<9 n ^C (M, a;)<8> (sC{M, J , then 



(7, 01, • • ■ , o-p) i-> (wi , • • ■ .wJh Lh 



0, otherwise 



through the above map. 

If (7,0-1,- •• ,o-p) G kcr<9 n ( Ci(M,a;)®(sC(M,a;)®p) o 



then 



(7,0-1, • • • ,C7p) i-^^(wi, • • • ,Wp) 
when deg w = 1. Then we can verify the surjectivity and obtain the lemma. □ 
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Proof of theorem 1.1. Consider the spectral sequences of C(LM)/F P C(LM) and 
Eam(F p - 1 B(A),A v ) associated with F q C(LM) and Bom(F q B(A), A y ), re- 
spectively. Lemma 5.5 asserts that ip p is isomorphic on Si-level at degree 0: 

H (F q C(LM)/F q+1 C(LM)) = H Q (Hom(F q B(A)/F q ~ 1 B(A), A v )). 
Lemma 5.6 asserts that ip p is surjective on Si -level at degree 1: 

Hi(F q C(LM)/F q+ iC(LM)) -» Hi(j$om(F q B(A)/F q ~ 1 B(A), A w )). 
Then there is an isomorphism on i? r -level at degree for r > 1. We have 

m/JP S H Q (C(LM)/F p C(LM)) S iJ (Holn"(S p 5(A), A v )). 
Therefore we obtain the theorem. □ 

6 The Goldman bracket 

This section is devoted to the proof of the following theorem. 

Theorem 6.1. Let M be a compact closed oriented surface with genus g. Then 
the Goldman bracket induces a Lie algebra structure on }im^ R-7T / Jp and there is 
an isomorphism of Lie algebras 

limRn/ Jp = H (Kom(B(H*(M)),H*(M) v )). 
v 

Goldman showed that the vector space spanned by the free homotopy classes 
of closed curves on a closed oriented surface has a Lie algebra structure [5] . This 
work led Chas and Sullivan to the string topology. We would verify that this 
structure makes lim Wk j Jp a Lie algebra. On the other hand, we can construct 

a bracket on H (H.om(B(H*(M)),H*(M) v )) by the cup product defined in 
section 3 and the Connes's operator. Here we regard H*(M) as a differential 
graded algebra with a trivial differential. Theorem 6.1 asserts that those two 
Lie algebras are isomorphic. 

First we describe a relation between this bracket and the augmentation ideal 
of the group ring of the surface group to induce a Lie algebra structure on 
lim Rtt/Jp. Then we construct a bracket on H (Hom(B(A), A y )) and verify 
the isomorphism of Lie algebras 

limm/ Jp H (HmK(B(A),A v )). 

p 

Finally we verify the isomorphism 

H (Hm^(B{A), A v )) = H (Hom{B(H*(M)),H*(M) v ). 
The following proposition makes lim Rtt/Jp a Lie algebra. 
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Proposition 6.2. (1) If p > 1 and q > 2, then [JP, J«] C >+«" 2 . 
(2) If p > 2 , then [JP ,m] C JP- 1 . 

Proof. We give a proof of (1). Take (<ti — x) ■ ■ ■ (a p — x) G J p , (n — y) ■ ■ ■ (r q — y) 
G J q , where cr, e Q X M and Tj G fi^M. Assume that all curves are immersions 
and (7j Tj intersect transversally for any Let {cr^ttrj} denote the set of 

intersection points of o~i and Tj . Also assume that all the intersection points are 
distinct i.e. {o-^Tj} fl {o-^ti} = <f> if i ^ k or j ^ 1. Then, 

[g, t] = ^ X! { £ ( s ; cr i' r j)7s, a; • Oi - a;) • • • (o- p - x)(cr 1 - x) ■ ■ ■ 

•(<Tj_i - x) • 7 s ~i • -7 S ,y ' {Tj -y)---(T q -y)(T 1 -y)--- (r,_i - J/) • 7s J 

-7s,x • (o-j+i -x)---{(j p - x)(cti - x) • • • (<Tj_i - x) • 7 ~* • 

•7 S ,y • (Tj+1 -y)---(T q - J/)(ri - y) • • • (r,_i - J/) • 7"*} 
G J p+ ^ 2 . 

Here 7sjX is a path from s to x along cr^ and 7 Sjy is a path from s to y along Tj. 
The proof of (2) can be verified in the same way. □ 

Let A be a differential graded subalgebra of AM such that H* (A) = H* (AM) 
by the inclusion. 

Proposition 6.3. There is an isomorphism of vector spaces 

H*(H^i(F p B(A),Aj) S H^ 2 (R^(F p B(A),A v j). 
Proof. We define P : iJ*_2(Horn(F p B(A), A)) -» tf*(rIoln"(F P 5(A), A v )) by 

P(<p)(wi,--- = / uj A • • • ,u p ). 

Jm 

This map preserves the filtrations. On E -level, the map 

Hom(® q H{A),H(A)) -» Hom(® 9 Jf(A), i?(A) v ) 

is isomorphic. Therefore we obtain the proposition. □ 

Now we construct a bracket on Ho(Hom(B(A), A v )). First, we define the 
Connes's operator B : H* (Eom(F p B(A) , A v ) ) H* +1 (Hom(FP- 1 B(A),A v )) 

by 

= E (-l) (e * +1)(ep - 1 " e *V(wfc+i,-",w 1 ,_i,w,a;i,---w fc )(l). 

0<fc<p-l 

Composing these maps and the cup product, we can define a bracket on 
iJ (Ho^(FPB(A),A v )) by 

[</?!, H = -PIP-^UP- 1 ^) G tf (H^m'CF p - 1 J B(,4),A v )). 
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Take 2g closed 1-forms on M, an, ■ ■ ■ , a g , [3\, • • • f3 g , such that J M on A (ij — 
Sij. Let {Efp q } denote the spectral sequence of Kom(B(A), A v ) associated with 
F P B(A). Notice that the cyclic group Z/pZ acts on ~e\ _ p = Rom((Si p H 1 (A),R) 

by 

Lip((Jl,- ■ ■ ,UJ p ) — <p(u)2, ■ ■ ■ 

where i is a generator of Z/pZ. The bracket [ , ] : — > E p+q _ 2 _ p _ q+ . 

is 

[y>l,y 2 ](Wl,-- - ,^p+q-2) 

= ^2 L m (pi(ai,wi, ■ ■ ■ ,uj p - 1 )Q n (p 2 (f3i,Up, ■ ■ ■ ,ujp + q- 2 ) 

-i m ipi(f3i,uii, ■ ■ ■ ,u> p -i)g n ip2{ai,ujp, ■ ■ ■ ,u p+q - 2 ) 



where t and g are generators of Z/pZ and Z/qZ, respectively. 



Proposition 6.4. The following diagram commutes for p,q > 1: 
Jp I 'JP+ 1 <g> J" I 'J9+ 1 ► E P a3 ~ P ®E q ^ q 



jp+q-2 /JP+q-l > E P + q ~ 2 '~ P ~ q + 2 

Proof. Take a = (a\ — x) ■ • ■ (a p — x) £ F p C^(LM), r = (n - y) ■ ■ ■ (r, - y) e 
F q Co(LM). Take 2g curves in M, cij, as in Figure 1. Assume that <jj and Tj, 
afe, or 6^, intersect transversally for any k. Also assume that tj and afc, or 
bk, intersect transversally for any j, k. 

Assume that all the intersection points are distinct. Then for any i,j,k, we 
can take each tubular neighborhoods of a» and 6j so that it does not include some 
neighborhoods of intersection points of o~j and Tfe. We fix such neighborhoods 
of intersection points and denote them by U p for each p. We can also take 
a tubular neighborhood of the diagonal map from M to MxM outside those 
neighborhoods of intersection points of <7j and Tj for any i, j i.e. 

NAnfa^S 1 \U p ar 1 (Up))xT j (S 1 \ U p Tr 1 (I7 p )))= 0, Vi,j. 

Here denotes the tubular neighborhood of the diagonal map. Thorn class $ 
of this tubular neighborhood satisfies 



/ $ = -e(p;ai,Tj), 

J(Ti lr\u p) x ^K-\u p) 

where e(p; cri,Tj) is the intersecion number of <t, and Tj at p. 
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Define e t : C (LM) -> d(LM) by e^)(t) = 7^ + t). Let w fe , 1 < 
k < n, be differential forms on M which has its support inside the tubular 
neighborhoods of ai and hi. Then 



L0\- ■ - OJr, 



I /' 

pGcr.Sr^fe J(ai)pJ J(Tj)pJ 

= - / $ / / wi • • • wit / / w fc+ i • ■ • w„ 



Wl • • • W fc A p 2 y Wfe+i ■ • • W„. 

Here pi , P2 : £Af x LM — > LM are the projections. The last equality is obtained 
by the following lemma. 

Lemma 6.5. If p e cr^Tj and p' G U p fl <7j([0, 1]), i/ierc 
/ / wi • • • u>„ = / / 



Wl • ■ - w„. 



Proof. F Let 7 be the curve from p to p' along cr, inside C/ p . If 7 and a are in 
the same direction, then 



/ U) 1 ---U! n = U! 1 - W n = U!l---U) n 

J^i) p >J Jf(Ti) pl J J{<T) P -lJ 

= Ui---UJ n . 

J(*) P J 

We can also verify the case where 7 is in the direction opposite to a in the same 
way. □ 
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We have the equality 

^ - / 7T*$ A p* / Wi ■ ■ • LO k A p* 2 I LO k+ l ■ ■ ■ LUp +q -2 



j,k " e « 



eti (7 X cqt 



ApJ / Ll>1 ■ ■ ■ LO k A p* 2 I LJk+l ■ ■ ■ 



In fact, if 77 € A(M x M) then 

/ ir*dr)Apl I LJi ■ ■ ■ u k A p 2 I u) k+1 ■ ■ ■ w p+q - 2 



7r*r/ A c£^>* j u>i ■ ■ ■ u> k A p 2 j Lj k +i ■ ■ ■ Lo p+q -^j 
(ejjcr)* ui-'-Uk /\(ejr)* / ■■■u>j A Uj+i ■ ■ ■ w p+9 _ 2 ) 



= 0. 

The last equality is obtained by the following lemma. 
Lemma 6.6. If a G F p C^(LM), then 



(ejcr)* / Ui ■ ■ -CJp-2 = 0. 

Proof. It suffices to show the case a — [t\ — x) ■ • ■ (t p — x) where x G M and t% 
G OxM. We define n G fi^M by 



nipt), if (i - \)/p < t < %/p 

0, otherwise. 



Let a denote {t\ — x) ■ ■ ■ (t p — x). It can be shown that ejcr restricted on [(i 
l)/p,i/p] is contained in F p ^iC\(LM) for any i. Therefore 



(ejcr)* / wi • • • = (ejcr)* / wi • • ■ = 0. 

□ 

Jones, Geztler, and Petrack describes the map ej in terms of iterated inte- 
grals by the following theorem. 

Theorem 6.7 (Geztler- Jones-Petrack 8 ). If a G C Q (LM) and G A 1 */, 
1 < i < p, then 



I tt*uj a / wi • • • uj p = 



LO k ■ ■ ■ UJpUJiOl ■ ■ ■ U>k-1- 
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This theorem asserts the equality 

Apl / ux ■ ■ ■ UJ k A p* 2 I UJ k +l ■ ■ ■ Vn 



j,k $ 



= ?A / U>k+1 " ' UJ P-l a 3 0J l " ' W fe / ' ' ' 0Jp+q-2PjUJ p ■ ■ ■ LOl 

]\kA a t 



UJk+l ■ ■ ■ Ldp-lPjUJl ■ ■ ■ UJk J J U>l + \ ■ ■ ■ LO p+q ^2CtjUJp ■■■U)l 

Finally we obtain the equality 

U)f ■ • LOp+q-2 

UJk+l ■ ■ ■ Wp-iOtjUi ■ ■ - UJk J J ^l+l ■ ■ ■ Up+ q -2pjU) p ■ ■ ■ U>i 
UJk+l ■ ■ ■ U) p -iPjU}x ■ ■ - UJk / UJi + i ■ ■ ■ UJ p+q -20LjUJp ■ ■ - LOi 



j,k,l 



Since we can take u>i G H 1 (M), l<i<p+q— 2, so that their support are 
inside the tubular neighborhoods of a,j and bj, we obtain the proposition. □ 

Proof of theorem 6.1. We obtain the following isomorphism of Lie algebras by 
proposition 6.4. 

limRf/JP ^ H a {BmR{B(A),A v ). 

v 

To obtain the isomorphism of Lie algebras 



H Q (Hom(B(A),A v ) ^ H (Hom(B(H*(M)), H*(M) V ), 

we introduce the following lemma, which asserts the formality of the compact 
Kahler manifolds. 

Lemma 6.8 (dd c Lemma, Deligne-Griffiths-Morgan-Sullivan [7]). Let X be a 
compact Kahler manifold and d c = J _1 dJ where J gives the complex structure 
in the cotangent bundle. If a is a differential form on X such that da = and 
d c a — 0, and such that a = dry, then a = dd c f3 for some (3. 

Cor. There are quasi- isomorphisms of differential graded algebras 

(AX,d) <- (kerd c ,d) -> (H^{X),0). 

Notice that a closed oriented surface endowed with a complex structure become 
a Kahler manifolds for the dimensional reason. Therefore the following lemma 
completes the proof of the theorem. 



16 



Lemma 6.9. If f : A± — * A 2 is a quasi-isomorphism of differential graded 
algebras, then the map induced by f 



H (E.om(B{A 1 ),A^) -> Ho (Hom(B (A 2 ),A 2 ) 
is an isomorphism. 

Proof. It suffices to verify that the map induced by / 



/ : H (Rom(FPB(A 1 ),A() - H (Rom(F p B(A 2 ), A2) 

is an isomorphism for any p. On E 1 -level, the map induced by / 

Hom(®s J ff(Ai), J ff(Ai) v ) -> Rom(® sH(A 2 ),H(A 2 ) v )) 

is an isomorphism because / is quasi-isomorphism. Therefore we obtain the 
lemma. □ 

Therefore we obtain the theorem. □ 
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